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I ; C++11 code 1.4.16: Efficient multiplication with the upper diagonal part of a rank-p-matrix in
Loa%n | EIGEN = GITLAB
. \ 2 |//! Computation of y = triu(ABT)x
\ e h L(\ ’ 1 1 c ’bz or J_ s |//! Efficient implementation with backward cumulative sum
- 4 | /! (partial_sum)
PSE) 5 R : s |template<class Vec, class Mat>
I L34 L Cau lgg ) :{@’g('a;@ﬂ w &ém ) | s |void Irtrimulteff(const Mat& A, const Mat& B, const Vec& x, Vec& y){
Tﬁ: = I LU 7 const int n = A.rows(), p = A.cols();
< 7 ) \ 8 assert( n == B.rows() & p == B.cols()); // size missmatch
l vE "L%‘V“G PWOQ—5f1m o | for(int | = 0; | < p; ++1){
. 10 Vec tmp = (B.col(l).array() *x x.array()).matrix().reverse();
2,4 T2 (lnaol;c : o std :: partial_sum (tmp.data(), tmp.data()+n, tmp.data());
2 - ' ‘ 12 y += (A.col(l).array() * tmp.reverse().array()).matrix();
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C++11-code 1.5.41: Discriminant formula for the real roots of p(¢) = &2 + aé + B =* GITLAB

/7!
e
/7!
/7!
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C++ function computing the zeros of a quadratic polynomial

&= 4+ af + B by means of the familiar discriminant

formula €1p = 2(—a+ +/a?—4B). However

this implementation is vulnerable to round-off! The zeros are
returned in a column vector

Vector2d zerosquadpol(double alpha, double beta) {
Vector2d z;
double D = std::pow(alpha,2) —4«xbeta; // discriminant
if (D < 0) throw "no real zeros";
else{

}

// The famous discriminant formula
double wD = std ::sqrt(D);
z << (—alpha—wD) /2, (—alpha+wD)/2; //

return z;

Roots of a parabola computed in an unstable manner
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C++11-code 1.5.57: Stable computation of real root of a quadratic polynomial =* GITLAB

//! C++ function computing the zeros of a quadratic polynomial
//! E— &4 alf+ B by means of the familiar discriminant

//!  formula €1p = 5(—a+ /a2 —4p).

//! This is a stable implementation based on Vieta’s theorem.

o w 4 w N

//! The zeros are returned in a column vector

7 | VectorXd zerosquadpolstab(double alpha, double beta) {

8 Vector2d z(2);

9 double D = std::pow(alpha,2) —4xbeta; // discriminant

10 if (D < 0) throw "no real zeros";

11 else{

12 double wD = std::sqrt(D);

13 // Use discriminant formula only for zero far away from 0
14 // in order to avoid cancellation. For the other zero
15 // use Vieta’s formula.

16 |f(alpha >= 0){

17 double t = 0.5%x(—alpha—wD); //

18 z << t, betal/t;

19 }

2 else{

21 double t = 0.5%x(—alpha+wD); //

2 z << beta/t, t;

= }
2017

25 return z;

» |}




We observe an initial decrease of the relative approximation er-
ror followed by a steep increase when /1 drops below 108,

4&&&&: “Dileceuce  guoheuds Ex: {re) = &
(' | ("
(e 4ic) = L)
Q’ X)) = g . ! C++11-code 1.5.48: Difference quotient approxima-
¢ 77 . : h tion of the derivative of exp =* GITLAB
Approv wae ho w : ' — log,,(h) relative error
2 |//! Difference quotient approximation 1 0.05170918075648
. . N 2 s |//! of the derivative of exp ) 0.00501670841679
) * 3 H zdﬂ peC + [void diffq () { -3 0.00050016670838
s | double h = 0.1, x = 0.0; -4 0.00005000166714
PlwarN — D/ s | for(int i = 1; i <= 16; ++i){ -5 0.00000500000696
{l ) - _D" L 44") 9‘[’% ) 7 double df = (exp(x+h)—exp(x))/h; -6 0.00000049996218
s L. T T, ‘ cout << setprecision(14) << fixed: -7 0.00000004943368
: cout << setw(5) << —i -8 -0.00000000607747
10 << setw(20) << df—1 << endl; -9 0.00000008274037
. f () =L (x) ) h /= 10: -10  0.00000008274037
pl(x) = W J . el ’ 11 0.00000008274037
L~>0 - o |} 2 0.00008890058234
13 -0.00079927783736
\ 14 -0.00079927783736
MM o O e > 9 \ Measured relative errors > 12 _?i;égésggiggifw
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An algorithm F for solving a problem F : X ~ Y is numerically stable if for all x € X its result F(x)
(possibly affected by roundoff) is the exact result for “slightly perturbed” data:

IC~1: VxeX: WKeX: |x—X|x < Cw(x)EPS|x|x A F(x)=F(X).

Sloppily speaking, the impact of roundoff () on a stable algorithm is of the same order of magnitude
as the effect of the inevitable perturbations due to rounding the input data.
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——  C++11 code 2.5.11: Wasteful approach!
> GITLAB

// Setting: N>1,

// large matrix A € K"

for(int j = 0; j < N; ++j){
X = A.lu().solve(b);
b = some_function(x) ;

~ (2} (5] £ w N

computational effort O(N#n?)

C++11 code 2.5.12:
- GITLAB

Smart approach!

M A_ é?,‘i{'/v,‘éf — 1w

// Setting: N>1,

// large matrix A € K""

auto A lu dec = A.lu();

for(int j = 0; j < N; ++j){
X A lu_dec.solve(b);
b some_function(x) ;

@ ~ (o] w 4 w n

computational effort O (1> + Nn?)
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C++11 code 2.6.10: Solving an arrow system according to (2.6.8) =* GITLAB

2

VectorXd arrowsys fast(const VectorXd &d, const VectorXd &c, const
VectorXd &b, const double alpha, const VectorXd &y){
int n = d.size();
VectorXd z = c.array() / d.array(); // z=D7¢
VectorXd w = y.head(n).array() / d.array(); // w:D‘lmbi

double xi = (y(n) — b.dot(w)) / (alpha — b.dot(z));
VectorXd x(n+1);

X << W — Xixz, Xi;

return x;
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